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PURELY NON-ATOMIC WEAK Lp SPACES
DENNY H. LEUNG
Abstract. Let (Ω,Σ, µ) be a purely non-atomic measure space,
and let 1 < p < ∞. If Lp,∞(Ω,Σ, µ) is isomorphic, as a Banach
space, to Lp,∞(Ω′,Σ′, µ′) for some purely atomic measure space
(Ω′,Σ′, µ′), then there is a measurable partition Ω = Ω1 ∪Ω2 such
that (Ω1,Σ ∩ Ω1, µ|Σ∩Ω1) is countably generated and σ-finite, and
that µ(σ) = 0 or ∞ for every measurable σ ⊆ Ω2. In particular,
Lp,∞(Ω,Σ, µ) is isomorphic to ℓp,∞.
1. Introduction
In [3], the author proved that the spaces Lp,∞[0, 1] and Lp,∞[0,∞)
are both isomorphic to the atomic space ℓp,∞. Subsequently, it was
observed that if (Ω,Σ, µ) is countably generated and σ-finite, then
Lp,∞(Ω,Σ, µ) is isomorphic to either ℓp,∞ or ℓ∞ [4, Theorem 7]. In
this paper, we show that the isomorphism of atomic and non-atomic
weak Lp spaces does not hold beyond the countably generated, σ-finite
situation.
Before giving the precise statement of the main theorem, let us agree
on some terminology. Throughout this paper, every measure space un-
der discussion is assumed to be non-trivial in the sense that it contains
a measurable subset of finite non-zero measure. A measurable sub-
set σ of a measure space (Ω,Σ, µ) is an atom if µ(σ) > 0, and either
µ(σ′) = 0 or µ(σ\σ′) = 0 for each measurable subset σ′ of σ. A purely
non-atomic measure space is one which contains no atoms. We say that
a collection S of measurable sets generates a measure space (Ω,Σ, µ)
if Σ is the smallest σ-algebra containing S as well as the µ-null sets. A
measure space (Ω,Σ, µ) is purely atomic if it is generated by the collec-
tion of all of its atoms; it is countably generated if there is a sequence
(σn) in Σ which generates (Ω,Σ, µ). For any measure space (Ω,Σ, µ),
and 1 < p < ∞, the weak Lp space Lp,∞(Ω,Σ, µ) is the space of all
(equivalence classes of) Σ-measurable functions f such that
‖f‖ = sup
c>0
c(µ{|f | > c}) 1p <∞.
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It is well known that ‖·‖ is equivalent to a norm under which Lp,∞(Ω,Σ, µ)
is a Banach space. However, since we are only concerned with isomor-
phic questions, we will employ the quasi-norm ‖ · ‖ exclusively in our
computations. The aim of this paper is to prove the following theorem.
Theorem 1. Let (Ω,Σ, µ) be a purely non-atomic measure space, and
let 1 < p <∞. The following statements are equivalent.
1. Lp,∞(Ω,Σ, µ) is isomorphic to Lp,∞(Ω′,Σ′, µ′) for some purely atomic
measure space (Ω′,Σ′, µ′).
2. Lp,∞(Ω,Σ, µ) is isomorphic to a subspace of Lp,∞(Ω′,Σ′, µ′) for
some purely atomic measure space (Ω′,Σ′, µ′).
3. There is a measurable partition Ω = Ω1 ∪ Ω2 such that (Ω1,Σ ∩
Ω1, µ|Σ∩Ω1) is countably generated and σ-finite, and that µ(σ) = 0
or ∞ for every measurable σ ⊆ Ω2.
4. Lp,∞(Ω,Σ, µ) is isomorphic to ℓp,∞.
It is interesting to note that with regard to (2), the weak Lp spaces
behave in a way that is “in between” the behavior of the Lp spaces,
1 ≤ p < ∞, and L∞. Indeed, if (Ω,Σ, µ) is purely non-atomic, then
Lp(Ω,Σ, µ) can never be embedded into an atomic Lp space (1 ≤
p < ∞, p 6= 2). On the other hand, along with all Banach spaces,
L∞(Ω,Σ, µ) is isomorphic to a subspace of ℓ∞(J) for a sufficiently large
index set J .
The other notation follows mainly that of [5, 6]. Banach spaces E
and F are said to be isomorphic if they are linearly homeomorphic; E
embeds into F if it is isomorphic to a subspace of F . If I is an arbitrary
index set, and (xi)i∈I , (yi)i∈I are indexed collections of elements in
possibly different Banach spaces, we say that they are equivalent if
there is a constant 0 < K <∞ such that
K−1
∥∥∑ aixi
∥∥ ≤ ∥∥
∑
aiyi
∥∥ ≤ K∥∥
∑
aixi
∥∥
for every collection (ai)i∈I of scalars with finitely many non-zero terms.
We will also have occasion to use terms and notation concerning vector
lattices, for which the references are [6, 8]. In particular, two elements
a, b of a vector lattice are said to be disjoint if |a| ∧ |b| = 0. A Banach
lattice E satisfies an upper p-estimate if there is a constant M < ∞
such that
∥∥
n∑
i=1
xi
∥∥ ≤M(
n∑
i=1
‖xi‖p
) 1
p
whenever (xi)
n
i=1 is a pairwise disjoint sequence in E. It is trivial to
check that every Lp,∞(Ω,Σ, µ) satisfies an upper p-estimate with con-
stant 1. Finally, if A is an arbitrary set, we write P(A) for the power
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set of A, and Ac for its complement (with respect to some universal
set).
2. Proof of the Main Theorem
Let us set the notation for the two types of measure spaces which
will command a large part of our attention. By {−1, 1}, we will mean
the two-point measure space, each point of which is assigned a mass
of 1
2
. If I is an arbitrary index set, {−1, 1}I is the product measure
space of I copies of {−1, 1}. Now let ((Ωα,Σα, µα))α∈A be a collection
of pairwise disjoint measure spaces. We define the measurable space
(Ω,Σ) to be the set ∪α∈AΩα, endowed with the smallest σ-algebra Σ
generated by ∪α∈AΣα. For any σ ∈ Σ, define
µ(σ) =
∑
α∈A
µα(σ ∩ Ωα).
The measure space (Ω,Σ, µ) is denoted by ⊕α∈A(Ωα,Σα, µα). Of par-
ticular interest will be ⊕α∈AJα, where each Jα is a copy of the measure
space [0, 1] with the Lebesgue measure.
Theorem 2. If I is an uncountable index set, Lp,∞({−1, 1}I) does not
embed into Lp,∞(Ω,Σ, µ) for any purely atomic measure space (Ω,Σ, µ).
Theorem 3. Let A be an arbitrary index set. For every α ∈ A, let
Jα be a copy of the measure space [0, 1]. If L
p,∞(⊕α∈AJα) embeds into
Lp,∞(Ω,Σ, µ) for some purely atomic measure space (Ω,Σ, µ), then the
set A is countable.
The proofs of the crucial Theorems 2 and 3 will be the subject of
the subsequent sections. To apply these theorems to the proof of the
main theorem (Theorem 1) requires the use of certain known facts,
which we now recall. Let (Ω,Σ, µ) and (Ω′,Σ′, µ′) be measure spaces.
Denote by Θµ and Θµ′ the µ- and µ
′-null sets respectively. Then µ
induces a function on the σ-complete Boolean algebra Σ/Θµ, which we
denote again by µ. Similarly for µ′. We say that the measure spaces
(Ω,Σ, µ) and (Ω′,Σ′, µ′) are isomorphic if there exists a Boolean algebra
isomorphism Φ : Σ/Θµ → Σ′/Θµ′ such that µ = µ′ ◦ Φ. For notions
and results regarding measure algebras, we refer to [2, §14]. The next
fact, which can be found in [7], follows easily from the observation that
the set of functions f ∈ Lp,∞(Ω,Σ, µ) of the form f = ∨ anχAn , where
(an) ⊆ R, and (An) is a pairwise disjoint sequence in Σ, is dense in
Lp,∞(Ω,Σ, µ).
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Theorem 4. If (Ω,Σ, µ) and (Ω′,Σ′, µ′) are isomorphic measure spaces,
then the Banach spaces Lp,∞(Ω,Σ, µ) and Lp,∞(Ω′,Σ′, µ′) are isomet-
rically isomorphic.
The next theorem is stated in the form in which we will use it. It is
a consequence of Maharam’s theorem on the classification of measure
algebras; see [2, Theorems 14.7 and 14.8]. If (Ω,Σ, µ) is a measure
space, and c is a positive number, we let cµ be the measure given by
(cµ)(σ) = cµ(σ) for all σ ∈ Σ. Clearly, the map f 7→ c−1/pf is an
isometric isomorphism from Lp,∞(Ω,Σ, µ) onto Lp,∞(Ω,Σ, cµ).
Theorem 5 (Maharam). Let (Ω,Σ, µ) be a purely non-atomic, finite
measure space which is not countably generated. Then there is a mea-
surable subset Ω′ of Ω and an uncountable index set I such that (Ω′,Σ′, µ′)
is isomorphic to {−1, 1}I, where Σ′ = Σ ∩ Ω′, and µ′ = (µ(Ω′))−1µ|Σ′.
Consequently, Lp,∞(Ω,Σ, µ) has a subspace isometrically isomorphic to
Lp,∞({−1, 1}I).
For the following proof, recall that a Banach space E satisfies the
Dunford-Pettis property if 〈xn, x′n〉 → 0 whenever (xn) and (x′n) are
weakly null sequences in E and E ′ respectively. It is well known that
ℓ∞ satisfies the Dunford-Pettis property; see, e.g., [8, §II.9].
Proof of Theorem 1. Suppose (3) holds. Then Lp,∞(Ω,Σ, µ) is clearly
isometrically isomorphic to Lp,∞(Ω1,Σ ∩ Ω1, µ|Σ∩Ω1). By [4, Theorem
7], Lp,∞(Ω,Σ, µ) is isomorphic to either ℓp,∞ or ℓ∞. However, since
(Ω,Σ, µ) is purely non-atomic, we can easily verify that Lp,∞(Ω,Σ, µ)
fails the Dunford-Pettis property. (Use Rademacher-like functions.)
Hence it cannot be isomorphic to ℓ∞. The implications (4) ⇒ (1) ⇒
(2) are trivial. Therefore, it remains to prove that (2) ⇒ (3). Us-
ing Zorn’s Lemma, obtain a (possibly empty) collection of measurable
subsets (Ωα)α∈A of Ω which is maximal with respect to the following
conditions : µ(Ωα ∩ Ωβ) = 0 if α 6= β; µ(Ωα) = 1 for all α ∈ A. For
each α ∈ A, let Jα be a copy of the measure space [0, 1]. Then Jα
is isomorphic to a measure subalgebra of (Ωα,Σ ∩ Ωα, µ|Σ∩Ωα). It fol-
lows that ⊕α∈AJα is isomorphic to a measure subalgebra of (Ω,Σ, µ).
Theorem 4 implies that Lp,∞(⊕α∈AJα) is isometrically isomorphic to a
subspace of Lp,∞(Ω,Σ, µ), and hence, by the assumption (2), isomor-
phic to a subspace of an atomic weak Lp space. According to Theorem
3, A must be a countable set. By the maximality of (Ωα)α∈A ,
m ≡ sup{µ(σ) : σ is a measurable subset of
Ω\∪α∈A Ωα of finite measure} ≤ 1.
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It is easily seen that the supremum is attained, say, at Ω0. Define Ω1 =
Ω0 ∪ (∪α∈AΩα). Since A is countable, Ω1 ∈ Σ. If Ωα is not countably
generated for some α ∈ A, then Theorem 5 produces an uncountable
index set I such that Lp,∞({−1, 1}I) is isometrically isomorphic to a
subspace of Lp,∞(Ωα), and thus isomorphic to a subspace of an atomic
weak Lp space. This violates Theorem 2. Similarly, we see that Ω0 is
countably generated. Therefore, Ω1 is countably generated; it is clearly
σ-finite. If σ is a measurable subset of Ω2 = Ω\Ω1, and 0 < µ(σ) <∞,
then m < µ(Ω0∪σ) <∞, contrary to the choice of Ω0. Hence µ(σ) = 0
or ∞.
3. The space Lp,∞({−1, 1}I)
Let Γ be an arbitrary set, and let w : Γ → (0,∞) be a weight
function. We can define a measure µ on P(Γ) by µ(σ) = ∑γ∈σ w(γ)
for all σ ⊆ Γ. The resulting weak Lp space Lp,∞(Γ,P(Γ), µ) will be
denoted by ℓp,∞(Γ, w), or simply ℓp,∞(Γ) if w is identically 1. It is
easy to see that if (Ω,Σ, µ) is purely atomic, then Lp,∞(Ω,Σ, µ) is
isometrically isomorphic to ℓp,∞(Γ, w) for some (Γ, w). If (Ω,Σ, µ) is
a measure space, and 1 < p < ∞, let Mp,∞(Ω,Σ, µ) be the closed
subspace of Lp,∞(Ω,Σ, µ) generated by the functions χσ, where σ is
a measurable set of finite measure. The corresponding subspace of
ℓp,∞(Γ, w) is denoted by mp,∞(Γ, w). The proof of Theorem 2 for the
case p 6= 2 is rather easy and is contained in Theorem 7. For the
reader’s convenience, we recall the following disjunctification result [4,
Proposition 10].
Proposition 6. Let w be a weight function on a set Γ. Assume that A
and B are subsets of ℓp,∞(Γ, w) such that |A| > max{|B|,ℵ0}. Suppose
also that there are constants K <∞, r > 1 such that
∥∥∑
x∈F
ǫxx
∥∥ ≤ K|F | 1r (1)
for all finite subsets F of A, and all ǫx = ±1. Then there exists C ⊆
A, |C| = |A|, such that the elements of C are pairwise disjoint, and
|b| ∧ |c| = 0 whenever b ∈ B, c ∈ C.
Proof. First we show that if Γ′ is a subset of Γ such that |Γ′| < |A|,
then there exists A′ ⊆ A, |A′| = |A|, such that xχΓ′ = 0 for all x ∈ A′.
Indeed, let A′ = {x ∈ A : xχΓ′ = 0}. For each x ∈ A\A′, there is a γ ∈
Γ′ such that x(γ) 6= 0. Define a choice function f : A\A′ → Γ′ such that
x(f(x)) 6= 0 for all x ∈ A\A′. If |A′| < |A|, then |A\A′| = |A| > ℵ0.
Hence there exist C ⊆ A\A′, and n ∈ N such that |C| = |A\A′| = |A|,
and |x(f(x))| ≥ 1/n for all x ∈ C. Now |C| = |A| > |Γ′| ≥ |f(C)|.
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Therefore, there is a γ0 ∈ f(C) such that D = f−1{γ0} ∩ C is infinite.
Note that x ∈ D implies |x(γ0)| ≥ 1/n. Now for any finite subset F of
D,
‖
∑
x∈F
sgn x(γ0)x‖ ≥
∑
x∈F
|x(γ0)|‖χ{γ0}‖ ≥
|F |
n
w(γ0)
1
p .
As D is infinite, this violates condition (1).
Now for each x ∈ ℓp,∞(Γ, w), let supp x = {γ ∈ Γ : x(γ) 6= 0}.
Clearly | supp x| ≤ ℵ0. Therefore, |
⋃
x∈B supp x| ≤ max{|B|,ℵ0} <
|A|. Let Γ1 =
⋃
x∈B supp x. By the above, there is a subset A1 of A,
having the same cardinality as A, such that xχΓ1 = 0 for all x ∈ A1.
It remains to choose a pairwise disjoint subset of A1 of cardinality |A|.
This will be done by induction. Choose x0 arbitrarily in A1. Now
suppose a pairwise disjoint collection (xρ)ρ<β has been chosen up to
some ordinal β < |A| = |A1|. Since |A1| is a cardinal, |β| < |A1|.
Hence |⋃ρ<β supp xρ| ≤ max{|β|,ℵ0} < |A1|. Let Γ2 =
⋃
ρ<β supp xρ.
Using the first part of the proof again, we find a xβ ∈ A1 such that
xβχΓ2 = 0. It is clear that the collection (xρ)ρ≤β is pairwise disjoint.
This completes the inductive argument. Consequently, we obtain a
pairwise disjoint collection C = (xρ)ρ<|A| in A1. As each x ∈ C is
disjoint from each b ∈ B, the proof is complete.
Theorem 7. Let I and Γ be arbitrary sets such that I is uncountable.
For any weight function w on Γ, and any p 6= 2, 1 < p <∞, ℓp,∞(Γ, w)
does not contain a subspace isomorphic to ℓ2(I). Consequently, Theo-
rem 2 holds if p 6= 2.
Proof. For any set I, and any i ∈ I, let ǫi : {−1, 1}I → {−1, 1} be the
projection onto the ith coordinate. By Khinchine’s inequality, (ǫi)i∈I ⊆
Lp,∞({−1, 1}I) is equivalent to the unit vector basis of ℓ2(I). Hence the
first statement of the theorem implies the second. Now suppose (xi)i∈I
is a set of normalized elements of ℓp,∞(Γ, w) which is equivalent to the
unit vector basis of ℓ2(I). If I is uncountable, apply Proposition 6 with
A = I, B = ∅ to obtain an uncountable C ⊆ I such that (xi)i∈C are
pairwise disjoint. Since ℓp,∞(Γ, w) satisfies an upper p-estimate, there
is a constant 0 < K <∞ such that
K−1|F | 12 ≤ ∥∥
∑
i∈F
xi
∥∥ ≤ K|F | 1p
for every finite subset F of C. We conclude that 1 < p < 2. Denote
by µ the measure associated with (Γ, w). For each i ∈ C, there is a
rational number ci > 0 such that ci(µ{|xi| > ci})
1
p > 1
2
. By using an
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uncountable subset of C if necessary, we may assume that ci = c, a
constant, for all i ∈ C. For any finite subset F of C,
µ
{∣∣∑
i∈F
xi
∣∣ > c
}
=
∑
i∈F
µ{|xi| > c} > (2c)−p|F |.
Hence ‖∑i∈F xi‖ > 12 |F |
1
p . Since 1 < p < 2, and (xi)i∈C is equivalent
to the unit vector basis of ℓ2(C), we have reached a contradiction.
The proof of Theorem 2 for the case p = 2 is more involved. Let
(hn) denote the L
∞-normalized Haar functions on [0, 1] [5, Definition
1.a.4]. Then by [6, Theorem 2.c.6], (hn) is an unconditional basis of
Mp,∞[0, 1]. We first show that if T : M2,∞[0, 1] → L2,∞(Ω,Σ, µ) is an
embedding, then (Thn) cannot be pairwise disjoint.
Proposition 8. Suppose T : M2,∞[0, 1] → L2,∞(Ω,Σ, µ) is an em-
bedding for some measure space (Ω,Σ, µ). Then (Thn) cannot be a
pairwise disjoint sequence.
Proof. By Theorem 1.d.6(ii) in [6], there is a constant D such that
‖
∑
anhn‖ ≥ D−1‖(
∑
|anhn|2)1/2‖
for every sequence of scalars (an) which is eventually zero. Given m ∈
N, let aij = i+ j − 1 (mod 2m), 1 ≤ i, j ≤ 2m. For 1 ≤ j ≤ 2m, define
gj =
2m∑
i=1
(2m
aij
)1/2
χIi,
where Ii = [
i−1
2m
, i
2m
). If 1 ≤ j ≤ 2m, there exists
fj =
2m+j∑
n=2m+j−1+1
bnhn ∈ span{hn : 2m+j−1 < n ≤ 2m+j}
such that |fj | = gj. Note that (fj)2mj=1 is a normalized sequence in
M2,∞[0, 1]. If T : M2,∞[0, 1] → L2,∞(Ω,Σ, µ) is a bounded linear op-
erator such that (Thn) is pairwise disjoint, then (Tfj)
2m
j=1 is a pairwise
disjoint sequence which is bounded in norm by ‖T‖. Hence, using the
upper 2-estimate in L2,∞(Ω,Σ, µ), ‖∑2mj=1 Tfj‖ ≤ 2m/2‖T‖. On the
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other hand,
∥∥
2m∑
j=1
fj
∥∥ =
∥∥
2m∑
j=1
2m+j∑
n=2m+j−1+1
bnhn
∥∥
≥ D−1∥∥(
2m∑
j=1
2m+j∑
n=2m+j−1+1
|bnhn|2
)1/2∥∥
= D−1
∥∥(
2m∑
j=1
|fj |2
)1/2∥∥
= D−1
∥∥(
2m∑
j=1
|gj|2
)1/2∥∥
= D−1
(
2m
2m∑
j=1
1
j
)1/2‖χ[0,1)‖ = D−1
(
2m
2m∑
j=1
1
j
)1/2
.
Since m is arbitrary, T cannot be an embedding.
We now complete the proof of Theorem 2 for the case p = 2. Suppose
I is uncountable, and T : L2,∞({−1, 1}I) → ℓ2,∞(Γ, w) is a bounded
linear operator. We will construct a sequence (gn) ⊆ L2,∞({−1, 1}I)
which is equivalent to the Haar basis (hn) ⊆ L2,∞[0, 1], and such that
(Tgn) is a pairwise disjoint sequence in ℓ
2,∞(Γ, w). An appeal to Propo-
sition 8 will then yield the desired result that T is not an embedding.
Let the functions (ǫi) ⊆ L2,∞({−1, 1}I) be the same as those which
appeared in the proof of Theorem 7. For any finite subset F of I, and
any {−1, 1}-valued sequence (bi)i∈F , the family
((∏
i∈F
χ{ǫi=bi}
)
ǫj
)
j∈I\F
is easily seen to be equivalent to the unit vector basis of ℓ2(I\F ). Ap-
plying Proposition 6, we see that for any F and (bi)i∈F as above, and
any countable S ⊆ Γ, there exists j ∈ I\F such that (T ((∏i∈F χ{ǫi=bi})ǫj))χS =
0. For any x ∈ ℓ2,∞(Γ, w), we let its support be the set supp x =
{γ ∈ Γ : x(γ) 6= 0}. Any element in ℓ2,∞(Γ, w) has countable sup-
port. Let g1 be the identically 1 function on {−1, 1}I . Then there
exists i2 ∈ I such that supp Tǫi2 ∩ suppTg1 = ∅. Let g2 = ǫi2 . Now
suppTg1 ∪ supp Tg2 is countable. Therefore, one can find i3 6= i2
such that supp T ((χ{ǫi2=−1})ǫi3) is disjoint from supp Tg1 ∪ suppTg2.
Define g3 = (χ{ǫi2=−1})ǫi3 . Next define g4 = (χ{ǫi2=1})ǫi4 , where i4 is
chosen so that it is distinct from i2, i3, and supp Tg4 is disjoint from
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∪3n=1 suppTgn. Continuing in this way, we obtain the desired sequence
(gn).
4. The space Lp,∞(⊕α∈AJα)
In this section, we present the proof of Theorem 3. Let A be an
uncountable set, and let w be a weight function defined on a set Γ.
Suppose T : Mp,∞(⊕α∈AJα)→ ℓp,∞(Γ, w) is a bounded linear operator.
The first step is to show that the range of T is mostly contained in
mp,∞(Γ, w). This will require the following technical lemma.
Lemma 9. Let k ∈ N be given, and let δ, c1, c2, . . . , ck be strictly posi-
tive numbers. Suppose l ∈ N is so large that
l
(min(c1, . . . , ck)
max(c1, . . . , ck)
)p ≥ 1.
Let (Ω,Σ, µ) be any measure space, and let f1, . . . , fl be pairwise disjoint
functions in Lp,∞(Ω,Σ, µ) such that |fj| ≥
∑k
m=1 cmχσ(m,j), where, for
each j, σ(1, j), . . . , σ(k, j) are pairwise disjoint sets in Σ such that
µ(σ(m, j)) > (δ/cm)
p, 1 ≤ m ≤ k. Then
∥∥
l∑
j=1
j−1/pfj
∥∥ ≥ (k
2
)1/p
δ.
Proof. We may assume without loss of generality that c1 ≥ · · · ≥ ck >
0. Then l(ck/c1)
p ≥ 1. For 1 ≤ m ≤ k, let im be the largest integer in
N ≤ l(cm/c1)p. Note that 1 ≤ im ≤ l . For any ǫ < c1l−1/p,
{∣∣
l∑
j=1
j−1/pfj
∣∣ > ǫ
} ⊇
⋃
{σ(m, j) : cmj−1/p > ǫ}
⊇
⋃
{σ(m, j) : cmj−1/p ≥ c1l−1/p}
=
⋃
{σ(m, j) : j ≤ l(cm/c1)p}
=
k⋃
m=1
im⋃
j=1
σ(m, j).
Thus
µ
{∣∣
l∑
j=1
j−1/pfj
∣∣ > ǫ
} ≥
k∑
m=1
im∑
j=1
µ(σ(m, j))
>
k∑
m=1
im∑
j=1
(δ/cm)
p =
k∑
m=1
im(δ/cm)
p.
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Now im ≥ 1 implies im ≥ (1 + im)/2 ≥ 2−1l(cm/c1)p. Hence
µ
{∣∣
l∑
j=1
j−1/pfj
∣∣ > ǫ
} ≥
k∑
m=1
2−1l(cm/c1)
p(δ/cm)
p = (lk/2)(δ/c1)
p.
Therefore,
∥∥
l∑
j=1
j−1/pfj
∥∥ ≥ ǫ(µ{∣∣
l∑
j=1
j−1/pfj
∣∣ > ǫ
})1/p ≥ (ǫδ/c1)(lk/2)1/p.
Taking the supremum over all ǫ < c1l
−1/p yields the desired result.
Proposition 10. Let A be an index set, and let T : mp,∞(A) →
ℓp,∞(Γ, w) be a bounded linear operator for some (Γ, w). Then Tχ{α} ∈
mp,∞(Γ, w) for all but countably many α ∈ A.
Proof. Let fα = Tχ{α}, and assume fα /∈ mp,∞(Γ, w) for uncountably
many α. Applying Proposition 6, we may assume that the fα’s are
pairwise disjoint. Choose an uncountable A0 ⊆ A, and δ > 0, such
that d(fα, m
p,∞(Γ, w)) > δ for all α ∈ A0. For each α ∈ A0, there
is a rational r > 0 such that µ{|fα| > r} > (δ/r)p, where µ is the
measure associated with (Γ, w). Hence we can find an uncountable
A1 ⊆ A0, and c1 > 0 such that µ{|fα| > c1} > (δ/c1)p for every
α ∈ A1. For all α ∈ A1, choose a finite set σ(1, α) ⊆ {|fα| > c1} such
that µ(σ(1, α)) > (δ/c1)
p. Now ‖fα − fαχσ(1,α)‖ > δ for all α ∈ A1.
Arguing as before, we find an uncountable A2 ⊆ A1, and c2 > 0 such
that
µ{|fα − fαχσ(1,α)| > c2} > (δ/c2)p
for all α ∈ A2. Hence, for each α ∈ A2, there exists a finite set σ(2, α) ⊆
{|fα| > c2}, disjoint from σ(1, α), such that µ(σ(2, α)) > (δ/c2)p. Con-
tinue inductively to obtain a decreasing sequence of uncountable sub-
sets (Am) of A, a positive sequence (cm), and finite subsets σ(m,α) ⊆
{|fα| > cm} for all α ∈ Am, such that µ(σ(m,α)) > (δ/cm)p, and
σ(m,α) ∩ σ(n, α) = ∅ if α ∈ Am ∩ An and m 6= n. Now let k ∈ N be
given. Choose l so large that
l
(min(c1, . . . , ck)
max(c1, . . . , ck)
)p ≥ 1.
Lemma 9 implies that ‖∑lj=1 j−1/pfj‖ ≥ (k/2)1/pδ if α1, . . . , αl are
distinct elements of Ak. This violates the boundedness of T since k is
arbitrary.
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Corollary 11. Let A be an index set. For each α ∈ A, n ∈ N, and
1 ≤ j ≤ 2n, let fn,j,α be the characteristic function of the subinterval
[ j−1
2n
, j
2n
) in Jα. If T : M
p,∞(⊕α∈AJα)→ ℓp,∞(Γ, w) is a bounded linear
operator, then all but countably many members of {Tfn,j,α : α ∈ A, n ∈
N, 1 ≤ j ≤ 2n} belong to mp,∞(Γ, w).
Proof. If n is fixed, the collection {fn,j,α : α ∈ A, 1 ≤ j ≤ 2n} is
equivalent to the unit vector basis in mp,∞(A × {1, . . . , 2n}). Apply
Proposition 10 to complete the proof.
If A is uncountable, and T : Lp,∞(⊕α∈AJα) → ℓp,∞(Γ, w) is an em-
bedding, then it follows from Corollary 11 that there exists α0 ∈ A
such that T (Mp,∞(Jα0)) ⊆ mp,∞(Γ, w), where we identify Mp,∞(Jα0)
with a subspace of Lp,∞(⊕α∈AJα) in the obvious way. Hence Mp,∞[0, 1]
embeds into mp,∞(Γ, w). The proof of Theorem 3 is completed by
showing that this is impossible. Once again, we find it necessary to
distinguish between the cases p 6= 2 and p = 2. If p 6= 2, we use a
Kadec-Pe lczyn´ski type argument [1] to show that ℓ2 does not embed
into mp,∞(Γ, w). For p = 2, we resort once again to Proposition 8. If f
is a real valued function and 1 < M <∞, let (f)M = fχ{M−1<|f |<M}.
Lemma 12. Let (Ω,Σ, µ) be any measure space, and suppose 1 <
p < ∞. If (fn) is a pairwise disjoint sequence in the unit ball of
Lp,∞(Ω,Σ, µ), and (Mn) is a real sequence such that 1 < Mn ≤ 2−1/pMn+1
for all n ∈ N, define g1 = (f1)M1 and
gn+1 = (fn+1)Mn+1 − (fn+1)Mn.
Then supk
∥∥∑k
n=1 gn
∥∥ ≤ 4.
Proof. Let g = pointwise-
∑
gn and M0 = 1/M1. If Mk−1 ≤ c < Mk for
some k ∈ N, then
µ{|g| > c} =
∞∑
n=k
µ{|gn| > c}
= µ{|gk| > c}+
∞∑
n=k+1
µ{|gn| ≥Mn−1}
≤ c−p +
∞∑
n=k+1
M−pn−1 ≤ c−p + 2M−pk ≤ 3c−p.
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On the other hand, if M−1k+1 ≤ c < M−1k for some k ∈ N, then
µ{|g| > c} =
k∑
n=1
µ{|gn| > M−1n }+ µ{|gk+1| > c}+
∞∑
n=k+2
µ{|gn| ≥Mn−1}
≤
k∑
n=1
Mpn + c
−p +
∞∑
n=k+2
M−pn−1
≤ 2Mpk + c−p +M−pk ≤ 2c−p + c−p + 1 ≤ 4c−p.
Hence g ∈ Lp,∞(Ω,Σ, µ), and ‖g‖ ≤ 4.
Theorem 13. For any (Γ, w), and 1 < p < ∞, p 6= 2, there is no
embedding of ℓ2 into mp,∞(Γ, w).
Proof. Suppose, on the contrary, that mp,∞(Γ, w) contains a sequence
(fn) equivalent to the unit vector basis of ℓ
2. Since each fn has count-
able support, we may assume that Γ is countable. Then clearly (χ{γ})γ∈Γ
is an unconditional basis of mp,∞(Γ, w). Since (fn) is a weakly null se-
quence, we may apply the Bessaga-Pe lczyn´ski selection principle [5,
Proposition 1.a.12] to it. Thus, we may assume without loss of gener-
ality that (fn) is pairwise disjoint. Since m
p,∞(Γ, w) satisfies an upper
p-estimate, this is possible only if 1 < p < 2. Now suppose there exists
1 < M < ∞ such that lim supn ‖(fn)M‖ > 0. We may assume that
there exists ǫ > 0 such that ‖(fn)M‖ > ǫ for all n. For each n, choose
cn ∈ [M−1,M ] such that cn(µ{|fn| > cn})1/p > ǫ, where µ is the mea-
sure associated with (Γ, w). Using the compactness of [M−1,M ], and
going to a subsequence if necessary, we may assume the existence of a
c ∈ [M−1,M ] such that c(µ{|fn| > c})1/p > ǫ for all n. Then
∥∥
k∑
n=1
fn
∥∥ ≥ c(
k∑
n=1
µ{|fn| > c}
)1/p ≥ ǫk1/p
for all k ∈ N, a contradiction. Therefore, it must be that limn ‖(fn)M‖ =
0 for all 1 < M < ∞. Note that limM→∞‖f − (f)M‖ = 0 for every
f ∈ mp,∞(Γ, w). By a standard perturbation argument, we obtain a
subsequence of (fn), denoted again by (fn), and a real sequence (Mn)
satisfying 1 < Mn ≤ 2−1/pMn+1 for all n ∈ N, such that (fn+1) is
equivalent to ((fn+1)Mn+1 − (fn+1)Mn). Lemma 12, however, shows
that (fn+1) cannot be equivalent to the unit vector basis of ℓ
2.
We now give the proof of Theorem 3. Assume that for some un-
countable set A, Lp,∞(⊕α∈AJα) embeds into ℓp,∞(Γ, w) for some (Γ, w).
As in the discussion following Corollary 11, Mp,∞[0, 1] embeds into
mp,∞(Γ, w). Since the sequence of Rademacher functions in Mp,∞[0, 1]
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is equivalent to the unit vector basis of ℓ2, Theorem 13 implies that
this is impossible unless p = 2. Now let T : M2,∞[0, 1] → m2,∞(Γ, w)
be an embedding. Without loss of generality, assume that ‖Tf‖ ≥ ‖f‖
for all f ∈ M2,∞[0, 1]. Denote by (rn), respectively (hn), the sequence
of Rademacher functions, respectively Haar functions, on [0, 1]. Note
that for all f ∈M2,∞[0, 1], f · rn → 0 weakly as n→∞. Let f1 = |h1|.
If k ∈ N, and 2k−1 < j ≤ 2k, let fj =
√
2k−1|hj|. Define n1 = 1. Since
x1 = T (h1 · rn1) ∈ m2,∞(Γ, w), there is a finite subset σ1 of Γ such that
‖x1χσc
1
‖ < 2−3. Now suppose that numbers ni and finite sets σi have
been chosen for i ≤ j. Since T (fj+1 · rn) → 0 weakly as n → ∞, and
∪ji=1σi is finite, there exists nj+1 > nj so that ‖xj+1χ∪j
i=1
σi
‖ < 2−j−4,
where xj+1 = T (fj+1 · rnj+1). Now we can choose a finite subset σj+1
of Γ, disjoint from ∪ji=1σi, such that ‖xj+1χσcj+1‖ < 2−j−3. Finally, let
yj = xjχσj for all j ∈ N. Then (yj) is pairwise disjoint sequence, and
hence is a basic sequence with basis constant 1. Moreover,
‖yj‖ > ‖xj‖ − 2−j−2 ≥ ‖fj · rnj‖ − 2−j−2 > 1/2.
Also,
∑ ‖xj − yj‖ < 1/4. By Proposition 1.a.9 in [5], (yj) and (xj)
are equivalent. But then (fj · rnj ) is equivalent to a pairwise disjoint
sequence in ℓp,∞(Γ, w). However, it is easy to see that (fj · rnj) is
equivalent to (ajhj), where a1 = 1 and aj =
√
2k−1 if 2k−1 < j ≤ 2k.
Hence we obtain an embedding S of [(hj)] into ℓ
p,∞(Γ, w) such that
(Shj) is a pairwise disjoint sequence. As (hj) is a basis of M
2,∞[0, 1],
we have reached a contradiction to Proposition 8. This completes the
proof of Theorem 3.
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